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POTENTIALLY CRYSTALLINE LIFTS OF CERTAIN 
PRESCRIBED TYPES 

TOBY GEE, FLORIAN HERZIG, TONG LIU, AND DAVID SAVITT 


Abstract. We prove several results concerning the existence of potentially 
crystalline lifts of prescribed Hodge-Tate weights and inertial types of a given 
representation r : Gk GLn(IFp), where K/Qp is a finite extension. Some 
of these results are proved by purely local methods, and are expected to be 
useful in the application of automorphy lifting theorems. The proofs of the 
other results are global, making use of automorphy lifting theorems. 


1. Introduction 

Let p be a prime, let A/Qp be a finite extension, and let r : Gk —>• GL„(Fp) be a 
continuous representation. For many reasons, it is a natural and important question 
to study the lifts of r to de Rham representations r : Gk GL„(Zp); for example, 
the de Rham lifts of fixed Hodge and inertial types are parameterised by a universal 
(framed) deformation ring thanks to |Kis08) . and the study of these deformation 
rings is an important step in proving automorphy lifting theorems, going back to 
Wiles’ proof of Fermat’s Last Theorem, which made use of Ramakrishna’s work on 
flat deformations [Ram02) . 

It is therefore slightly vexing that (as far as we are aware) it is currently an 
open problem to prove that for a general choice of r, a single such lift r exists 
(equivalently, to show for each r that at least one of Kisin’s deformation rings is 
nonzero). Some results in this direction can be found in the Ph.D. thesis of Alain 
Muller |Mull3) . This note sheds little further light on this question, but rather in¬ 
vestigates the question of congruences between de Rham representations of different 
Hodge and inertial types; that is, in many of our results we suppose the existence 
of a single lift, and see what other lifts (of differing Hodge and inertial types) we 
can produce from this. The existence of congruences between representations of 
differing such types is conjecturally governed by the (generalised) Breuil-Mezard 
conjecture (at least for regular Hodge types; see |EG14j b This conjecture is al¬ 
most completely open beyond the case of GL 2 /Qp, so it is of interest to prove 
unconditional results. 

We prove several such results in this paper, by a variety of different methods. 
Some of our results make use of the notion of a potentially diagonalisable Galois 
representation, which was introduced in |BLGGT14) . and is very important in 
automorphy lifting theorems. It is expected 1 [EG 141 Conj. A.3]) that every T admits 
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a potentially diagonalisable lift of regular weigli10, but this is at present known only 
if n < 3 or r is semisiinple; see for example |CEG~*~16l Lem. 2.2], and the proof 
of [Mull31 Prop. 2.5.7] for the case n = 3. It seems plausible that these arguments 
could be extended to cover other small dimensions, but the case of general n seems 
to be surprisingly difficult. 

We recall that an n-dimensional de Rham representation of Gk is said to have 
Hodge type 0 if for any continuous embedding K ^ Qp the corresponding Hodge- 
Tate weights are 0,l,...,n — 1; while if K/Qp is unramified, a crystalline repre¬ 
sentation of Gk is said to be Fontaine-Laffaille if for each continuous embedding 
K ^ Qp the corresponding Hodge-Tate weights are all contained in an interval of 
the form [i,i + P — 2], We remark that we will normalise Hodge-Tate weights so 
that the cyclotomic character e has Hodge-Tate weight —1. 

Our first result is the following theorem, which will be used in forthcoming work 
of Arias de Reyna and Dieulefait. 

Theorem A. (Cor. 12.3.411 Suppose that K/Qp is unramified, and fix an integer 
n > 1. Then there is a finite extension K' jK, depending only on n and K, with 
the following property: ifr : Gk GL„(Fp) has a Fontaine-Laffaille lift, then it 
also has a potentially diagonalisable lift r : Gk —> GL„(Zp) of Hodge type 0 with 
the property that r\Gj^, is crystalline. 

In fact this is a special case of a result fCor. 12. 1. Ill) that holds for a more general 
class of representations r that we call peu ramifiee, and with no assumption that 
the hnite extension K/Qp is unramified. We expect that this result should even 
be true without the assumption that r is peu ramifiee, but we do not know how to 
prove this; indeed, as mentioned above, we do not know how to produce a single 
de Rham lift in general! 

To explain why this result is reasonable, and to give some indication of the 
proof, we focus on the case that K = Qp and n = 2. Assume for simplicity 
in the following discussion that p > 2. One way to see that we should expect 
the result to be true (at least if we remove “potentially diagonalisable” from the 
statement) is that it is then the local Galois analogue of the well-known statement 
that every modular eigenform of level prime to p is congruent to one of weight 2 
and bounded level at p. Indeed, via the mechanism of modularity lifting theorems 
and potential modularity, it is possible to turn this analogy into a proof. (See 
Theorem [C] below. Since all potentially Barsotti-Tate representations are known 
to be potentially diagonalisable, this literally proves Theorem lAI in this case, but 
this deduction cannot be made if n > 2.) 

Since these global methods are (at least at present) unable to handle the case 
n > 2, a local approach is needed, which we again motivate via the case K = Qp 
and n = 2. The possible r : —>• GL 2 (Fp) are well-understood; they are either 

irreducible representations, in which case they are induced from characters of the 
unramified quadratic extension Qp 2 of Qp, or they are reducible, and are extensions 
of unramified twists of powers of the mod p cyclotomic character oj. 

In the first case, the representations are induced from characters of Gq 2 which 
become unramified after restriction to any totally ramified extension of degree — 1, 
and it is straightforward to produce the required lifts by considering inductions of 

^Recall that a de Rham representation of Gk is said to have regular weight if for any continuous 
embedding K Qp, the corresponding Hodge-Tate weights are all distinct. 
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potentially crystalline characters of Gq ^ which become crystalline over such an 
extension; see Lemma 12.1.121 Such representations are automatically potentially 
diagonalisable, as after restriction to some finite extension they are even a direct 
sum of crystalline characters. 

This leaves the case that r is reducible. After twisting, we may assume that r 
is an extension of an unramified twist of uj~^ by the trivial character, for some 
0 < i < p — 2. Then the natural way to lift to characteristic zero and Hodge type 
0 is to try to lift to an extension of an unramified twist of by the trivial 

character, where w is the Teichmiiller lift of w; this is promising because any such 
extension is at least potentially semistable, and becomes semistable over Qp(Cp) 
(which is in particular independent of the specific reducible r under consideration), 
and if it is potentially crystalline, then it is also potentially diagonalisable (as it is 
known that any successive extension of characters which is potentially crystalline 
is also potentially diagonalisable). 

The problem of producing such lifts is one of Galois cohomology, and Tate’s 
duality theorems show that when i ^ 1 there is no obstruction to liftingH It is also 
easy to check that in this case the lifts are automatically potentially crystalline. 
However, when i = 1 the situation is more complicated. Then one can check that 
tres ramifiee extensions of by the trivial character do not lift to extensions 
of a non-trivial unramified twist of by the trivial character, but only lift to 
semistable non-crystalline extensions of by the trivial character. However, this 
is the only obstruction to carrying out the strategy in this case; and in fact, since 
tres ramifiee representations do not have Fontaine-Laffaille lifts, the result also 
follows in the case i = 1. 

We prove Theorem]^ by a generalisation of this strategy: we write r as an exten¬ 
sion of irreducible representations, lift the irreducible representations as inductions 
of crystalline characters, and then lift the extension classes. However, the issues 
that arose in the previous paragraph in the case i = 1 are more complicated in 
general. To address this, we make use of the following observation: in the case 
considered in the previous paragraphs (that is, K = Qp, n = 2, and r has a trivial 
subrepresentation), if r is not tres ramifiee then it admits “many” reducible crys¬ 
talline lifts; indeed, it can be lifted as an extension by the trivial character of any 
unramified twist of that lifts the corresponding character mod p. 

This freedom to twist by unramified characters is in marked contrast to the be¬ 
haviour in the tres ramifiee case, and can be exploited in the Galois cohomology 
calculations used to produce the potentially crystalline lifts of Hodge type 0. Mo¬ 
tivated by these observations, we introduce a generalisation (Definition 12.1.31) of 
the classical notion of peu ramifiee representations, and we prove by direct Galois 
cohomology arguments that the peu ramifiee condition allows great flexibility in 
the production of lifts to varying reducible representations (see Theorem l2. 1.81 and 
Gorollary 12.1.111) . 

Conversely, every representation that admits enough lifts of the sort promised 
by Theorem 12.1.81 must in fact be peu ramifiee (see Proposition 12.2.41 for a precise 
statement); such a representation is said to admit “highly twisted lifts.” We show 
that representations that admit Fontaine-Laffaille lifts also admit highly twisted 


^This is true even for the ramified self-extensions of the trivial character in the case i = 
0, which are not Fontaine-Laffaille, although they are peu ramifiee in the sense of this paper 
(Definition 12.1.311 . 
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lifts iProDOsition 12.3.1]) . and so deduce that Corollarv l2. 1.111 applies whenever the 
residual representation is Fontaine-Laffaille. Theorem lAl follows. 

Using roughly the same purely local methods, we additionally prove the follow¬ 
ing. 

Theorem B. (Cor. 12.1.131) Suppose that r : Gk — t GL„(Fp) is peu ramifiee. 
Thenr has a crystalline lift of some Serre weight (in the sense of Section ] 1.2. 41 - 

In contrast to these relatively concrete local arguments, in Section[3]we use global 
methods, and in particular the potential automorphy machinery of |BLGGT14) . 
Our first result is the following, which takes as input a potentially crystalline lift 
that could have highly ramified inertial type, or highly spread out Hodge-Tate 
weights, and produces a crystalline lift of small Hodge-Tate weights. 

Theorem C. (Thm. lTl.211 Suppose that p \ 2n, and thatr : Gk — t GL„(Fp) has a 
potentially diagonalisable lift of some regular weight. Then the following hold. 

(1) There exists a finite extension K' jK [depending only on n and K, and not 
on r) such thatr has a lift r : Gk GL„(Zp) of Hodge type 0 that becomes 
crystalline over K'. 

(2) r has a crystalline lift of some Serre weight. 

The first part of this result should be contrasted with Theorem above, while 
the second part should be contrasted with Theorem m For instance, we remark 
that it follows from Theorem]^ (or more precisely, from its more general statement 
for peu ramifiee representations) that every peu ramifiee representation r admits a 
potentially diagonalisable lift of some regular weight, whereas this latter condition 
on r is an input to Theorem [C] 

If K/Qp is unramified and r admits a lift of extended FL weight (see Section ri.2.41 
for this terminology), we also show the following “weak Breuil-Mezard result”. 

Theorem D. iThm. [3.1.5|1 Suppose that p ^ n, that K/Qp is unramified, and that 
r : Gk —t GL„(Fp) has a crystalline lift of some extended FL weight F. If F is a 
Jordan-Holder factor of'a[\,T) for some A, r, then r has a potentially crystalline 
lift of type (A,t). 

Since there is no restriction on A or r, this result seems to be well beyond 
anything that can currently be proved directly using integral p-adic Hodge theory. 

If we knew that all potentially crystalline lifts were potentially diagonalisable, 
then the special case of Theorem in which the given Fontaine-Laffaille lift is 
regular would be an easy consequence of part (1) of Theorem [O (note that the 
existence of a regular Fontaine-Laffaille lift implies that p > n). However, we 
do not know how to prove that general potentially crystalline representations are 
potentially diagonalisable (and we do not have any strong evidence that it should 
be true). 

1.1. Acknowledgements. We would like to thank Luis Dieulefait for asking a 
question which led to us writing this paper, as well as Alain Muller for valuable 
discussions. 

1.2. Notation and conventions. Fix a prime p, and let K/Qp be a hnite exten¬ 
sion with ring of integers Ok- Write Gk for the absolute Galois group of A, Ik for 
the inertia subgroup of Gk, and Frobif G Gk for a choice of geometric Frobenius. 
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All representations of Gk are assumed without further comment to be continuous. 
Write vk for the p-adic valuation on K taking the value 1 on a uniformiser of K, as 
well as for the unique extension of this valuation to any algebraic extension of K. 

1.2.1. Inertial types. An inertial type is a representation t : Ik ^ GL„(Qp) with 
open kernel which extends to the Weil group Wk- We say that a de Rham rep¬ 
resentation r : Gk GL„(Qp) has inertial type t if the restriction to Ik of 
the Weil-Deligne representation WD(r) associated to r is equivalent to r. Given 
an inertial type r, there is a (not necessarily unique) finite-dimensional smooth 
irreducible Qp-representation cr(r) of GLp(Ox) associated to r by the “inertial 
local Langlands correspondence”, which we normalise as in [EG 141 Conj. 4.1.3]. 
(Note that there is an unfortunate difference in conventions between this and that 
of [EG 141 Thm. 4.1.5], but it is this normalisation that is used in the remainder 
of [EG14j .l We can and do suppose that o-(r) is defined over Zp. 

1.2.2. Hodge-Tate weights and Hodge types. If W is a de Rham representation of 
Gk over Qp, and k : K ^ Qp, then we will write HTk(IE) for the multiset of 
Hodge-Tate weights of W with respect to k. By definition, the multiset HT„(W) 

contains i with multiplicity dim^ {W ®k.,k K{i))‘^‘^ ■ Thus for example if e denotes 
the p-adic cyclotomic character of Gk^ then HTk(c) = {—1} for all k. 

We say that W has regular Hodge-Tate weights if for each k, the elements of 
HT„(W) are pairwise distinct. Let Z” denote the set of tuples (Ai,...,A„) of 
integers with Ai > A 2 > • ■ • > A„. Then if W has regular Hodge-Tate weights, 
there is a unique A = (A^^i) G (Z" such that for each k : K ^ Qp, 

= {Ak,i -|- n — 1, Ak, 2 -b n — 2,..., A„_p}, 
and we say that W is regular of Hodge type A. 

1.2.3. Representations of GL„ and Serre weights. For any A G Z", view A as a 
dominant weight (with respect to the upper triangular Borel subgroup) of the alge¬ 
braic group GL„ in the usual way, and let M'^ be the algebraic Ox-representation 
of GLp given by 

M'x ■■= IiidBj("(woA)/OK 

where Bn is the Borel subgroup of upper-triangular matrices of GL„, and wq is the 
longest element of the Weyl group (see [Jan03] for more details of these notions, 
and note that has highest weight A). Write M\ for the Ox-representation of 
GL„(Ox) obtained by evaluating M'^ on Ok- For any A G (Z" )^°™'3p('^’‘®p) we 
write L\ for the Zp-representation of GL„(Ox) defined by 

L\ := ^Ok,k. ’^p- 

Let k be the residue field of K. We call isomorphism classes of irreducible Fp- 
representations of GL„(A:) Serre weights; they can be parameterised as follows. We 
say that an element (a^) ofZ” is p-restricted ifp—1 > a^ —Oi-j-i for all 1 < f < n —1, 
and we write for the set of p-restricted elements. Given any a G we 

define the fc-representation Pa of GL„(A:) to be the representation obtained by 
evaluating Ind^|)" (woa)/^ on fc, and let Na be the irreducible sub-/c-representation 
of Pa generated by the highest weight vector (that this is indeed irreducible follows 
from the analogous result for the algebraic group GL„, cf. H.2.2-H.2.6 in [JanOdj . 
and the appendix to [Hernflj L 
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If a = {aK,i) G write for the component of a indexed by k € 

Hom(fc,Fp). If a G define an irreducible Fp-representation 

Fa of GL„(fc) by 

Fa := ®i5gHom(fc,Fp)'^a- ®'p' 

The representations Fa are irreducible, and every Serre weight is (isomorphic to 
one) of the form Fa for some a. The choice of a is not unique: one has Fa = Fa> 
if and only if there exist integers such that a-^^i — oT ^ = cc-r for all 7t, i and, 
for any labeling Kj of the elements of Hom(fc,Fp) such that = Kj+i we have 
J2jZoP^^Kj = 0 (mod — 1), where f = [k : Fp], In this case we write a ^ a'. 

We remark that if K/Qp is unramified and a G satisfies — 

a-K.n ^ p — {n — l) for each k, then La Fp = Fa as representations of GL„((!Iif). 
The reason is that Pi, = Ni, whenever h G Z" satisfies bi — bn < p — {n — 1) (cf. 
l.lanOdl II.5.6]). 

1.2.4. Potentially crystalline representations. An element A G (Z" is 

said to be a lift of an element a G if for each k G Hom(fc,Fp) there 

exists K-jf G HomQj^ {K, Qp) lifting k such that Ak.^ = a-^, and Xk> = 0 for all other 
1^' ^ K-pc in HomQ^(Ar, Qp) lifting k. If A is a lift of a, then Fa is a Jordan-Holder 
factor of La 0 Fp. 

Given a pair (A, r), we say that a potentially crystalline representation W of Gk 
over Qp has type (A, r) if it is regular of Hodge type A, and has inertial type r. Write 
(t(A, r) for L\ ^^p ^ Zp-representation of GL„((!Iif), and write ct(A, t) for the 

semisimplification of a{X, t) 0^ I^p- Then the action of GL„((!Ix) on ct(A, r) factors 
through GL„(fc), so that the Jordan-Holder factors of ct(A,t) are Serre weights. 

If r : Gk GL„(Fp) has a crystalline lift W of type (A, 1) (that is, W is 
crystalline of Hodge type A), and A is a lift of some a G then we 

say that r has a crystalline lift of Serre weight Fa. This terminology is sensible 
because the existence of a crystalline lift of Hodge type A for some lift A of a 
does not depend on the choice of the element a in its equivalence class under the 
equivalence relation ~ (cf. [GHS151 Lem. 7.1.1]). 

If furthermore K/Qp is unramified, and 0^,1 — a-^^n < p — 1 — n for all 77, then we 
say that a (or Fa) is an FL weight, and that r has a crystalline lift of FL weight Fa. 
If instead — a-fi^n < p — n for all 7c, then we say that a (or Fa) is an extended 
FL weight, and that r has a crystalline lift of extended FL weight Fa. 

1.2.5. Potential diagonalisability. Following [BLGGT14] . we say that a potentially 

crystalline representation r : Gk GL„(Zp) with distinct Hodge-Tate weights is 
potentially diagonalisable if for some finite extension K'f K, is crystalline, and 

the corresponding Qp point of the corresponding crystalline deformation ring lies 
on the same irreducible component as some direct sum of crystalline characters. 
(For example, it follows from the main theorem of |GL14] that any crystalline 
representation of extended FL weight is potentially diagonalisable.) 

2. Local existence of lifts in the residually Fontaine-Laffaille case 

2.1. Peu ramifiee representations. Recall that for any discrete G_R--module X, 
the space Ha,.{GK, X) of unramified classes in H^{Gk,X) is the kernel of the 
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restriction map H^{Gk,X) H^{Ik,X)-, by the inflation-restriction sequence, 
this is the same as the image of the inflation map H^{Gk/Ik,X^’^) ^ H^{Gk,X). 
We will make use of the following well-known fact. 

Lemma 2.1.1. Suppose that X is a discrete Gx-n^odule that is moreover a finite¬ 
dimensional veetor space over a field F. Then 

dim][ri7^j.(G'ic,X) = diuif H^{Gk,X). 

Proof. We have 

dimw H\Gk/Ik, X^^) = diuif H°{Gk/Ik,X^^) = dim^ H°{Gk, X), 

the first equality coming from the fact that H'^{Gk/Ik, X^’^) for i = 0,1 are, 
respectively, the invariants and co-invariants of X^‘^ under Frobif — 1. □ 

Definition 2.1.2. Suppose that K/<Qp is a finite extension and F is a field of char¬ 
acteristic p. Consider a representation r : Gk GL„(F), let V be the underlying 
F[GK]-module of r, and suppose that 0 = C/q C C/i C • • • C = C is an increas¬ 
ing filtration on V by F[Gif]-submodules. Write Vi := Ui/Ui-i. We say that r 
is peu ramifiee with respect to the filtration {Ui} if for all 1 < i < £ the class in 
H^[GK,Idoui¥{Vi, Ui-i)) defined by Ui (regarded as an extension of Vi by Ui-fi) 
is annihilated under Tate local duality by H^fiGx, HomF(C/i_i, y^l)))- 

Since group cohomology is compatible with base change for field extensions, so 
is Definition 12 .1.21 that is, if F'/F is any field extension, then r is peu ramifiee with 
respect to some hltration {Ui} if and only if r^pF' is peu ramihee with respect to 
the filtration {Ui F'}. 

Definition 12.1.21 is most interesting in the case where the filtration {Ui} is sat¬ 
urated^ i.e., where the graded pieces Vi are irreducible. (For instance, any r will 
trivially be peu ramifiee with respect to the one-step filtration 0 = Uq C Ui = V.) 
This motivates the following further definition. 

Definition 2.1.3. We say that r is peu ramifiee if there exists a saturated hltration 
{Ui} with respect to which r is peu ramihee as in Dehnition l2.1.21 

Examples 2.1.4. 

(1) If n = 2 and r = for some character x, then Dehnition 12.1.31 co- 

incides with the usual dehnition of peu ramihee. (Recall that oj denotes the 
mod p cyclotomic character.) Indeed, the duality pairing H^{Gk,^ p{I)) x 
il^(GiL,Fp) —>■ QpfZp can be identihed (via the Kummer and Artin maps) 
with the evaluation map 

K^/{K^Y X Hom(i^^Fp) ^ Fp -A Qp/Zp, 

from which it is immediate that the classes in i7^(Gx,Fp(l)) that are 
annihilated by H{fiGK,^p) are precisely those which are identihed with 
by the Kummer map. 

(2) If r is semisimple then trivially r is peu ramihee. 

(3) If there are no nontrivial Gj^-maps Ui-i Vi{l) for any i (e.g. if one has 
Vj ^ Vi{l) for all i < i) then r is necessarily peu ramihee because by 
Lemma [2.1. ll we have iJ,(j.(GK, Hom]F([/i_i, Ki(I))) = 0. 
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(4) Suppose K/Qp is unramified. We will prove in Section [27^ that Fontaine- 
Laffaille representations are peu ramifiee, so that all of the main results in 
this section will apply to Fontaine-Laffaille representations. 

Example 2.1.5. If r is peu ramifiee, it is natural to ask whether r is peu ramifiee 
with respect to every (saturated) hltration on r. This is not the case. Suppose, for 
instance, that K does not contain the p-th roots of unity (so w yf 1) and 



where the class of the cocycle *1 is nontrivial and peu ramifiee, and the cocycle *2 
is tres ramifiee. For the filtration on r in which Ui is the span of the first i vectors 
giving rise to the above matrix representation (so that the action of on is 
given by the upper-left i x i block), the representation r is peu ramifiee. This is 
clear at the first two steps in the filtration, and for the third step one notes (as in 
Example 12. 1.41 311 that there are no nontrivial maps U 2 —>■ 1 ^ 3 ( 1 )- 

On the other hand, if one defines a new hltration on r by replacing U 2 with the 
span of the hrst and third basis vectors giving rise to the above matrix representa¬ 
tion, then r is not peu ramihee with respect to the new Hltration, because the new 
1/2 is tres ramihee. 

Remark 2.1.6. One consequence of the preceding example is that the collection of 
peu ramihee representations is not closed under taking arbitrary subquotients. On 
the other hand, if r is peu ramihee with respect to the hltration {Ui}, then for any 
a < 5 it is not difficult to check that Ub/Ua is peu ramihee with respect to the 
induced hltration {Ua+i/Ua}o<i<b-a- 

Using the preceding example one can similarly see that the collection of peu 
ramihee representations is not closed under contragredients. 

Remark 2.1.7. In some sense we are making an arbitrary choice by demanding that 
we hrst lift Ui, then to C/ 2 , then to C/ 3 , and so forth. One could equally well lift 
in other orders, and as Example 12. 1.51 shows, this can make a difference. However, 
since Dehnition 12.1.21 will suffice for our purposes, we do not elaborate further on 
this point. 

We say that a Zp-lift of an Fp[G'if]-module U is a Zp[Gic]-module V that is free 
as a Zp-module, together with a Fp[GK]-isomorphism V We have 

introduced the notion of a peu ramihee representation (Dehnition 12.1.21) in order 
to prove the following result, to the effect that peu ramihee representations have 
many Zp-lifts. 

Theorem 2.1.8. Suppose that K/Qp is a finite extension. Consider a representa¬ 
tion r : Gk GL„(Fp) that is peu ramifiee with respect to the increasing filtration 
{Ui}, so that r may be written as 



where the Vi := Ui/Ui-i are the graded pieces of the filtration. 
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For each i, suppose that we are given a Zp-representation Vi of Gk lifting Vi. 
Then there exist unramified characters ifi,... with trivial reduction such that r 
may be lifted to a representation r of the form 



r = 


More precisely, r is equipped with an increasing filtration {Ui} by l^p-direct sum¬ 
mands such that Ui/Ui-i = Vi tjji and r 0^ Fp = r induces Ui 0^ Fp = Ui, for 
each 1 <i < 1. 

In fact, there are infinitely many choices of characters {tpi, ,'ipe) for which this 
is true, in the strong sense that for any 1 < i < i, if {ifi ,..., tpi-i) can be extended 
to an i-tuple of characters for which such a lift exists, then there are infinitely many 
choices of tpi such that {tpi, ... yifi) can also be extended to such an l-tuple. 

Proof. We proceed by induction on i, the case £ = 1 being trivial. From the 
induction hypothesis, we can find ipi,... so that U := can be lifted to 

some 



U := 


as in the statement of the theorem. It suffices to prove that for each such choice 
of 'i/ii,...,' 0 ^- 1 , there exist infinitely many choices of ift for which r lifts to an 
extension of 10 0 0^ by ?7 as in the statement of the theorem. 

Choose the field E/Qp large enough so that U and Vi are realisable over Oe, 
and so that r is realisable over the residue field of E. Suppose that F/E is a 
finite extension with ramification degree e{E/E) > (dimI^£)(dim?7), write O for 
the integers of F and F for its residue field, and let 0 : Gk be an unramified 

character such that 0 < U£;(0(Frobif) — 1) < l/(diml/^)(dim[/). In the remainder 
of this argument, when we write U and Vi we will mean their {chosen) realisations 
over O, and similarly U and Vi will mean their realisations over F obtained by 
reduction from U and Vi. 

Extensions of 1000 by C/ correspond to elements of H^{Gk, Homo(10 00, U)), 
while r corresponds to an element c of ExtpjoK] ’^hich we identify with 

H^{Gk, HomF(Ef, U)). By hypothesis (together with the remark about base change 
immediately following Definition l2.1.2l) the class c is annihilated by H^,.{Gk, HomF(C/, Vi{\))) 
under Tate local duality. Taking the cohomology of the exact sequence 

0 Homo(10 0o 0, U) ^ Homo(10 0o 0, U) —^ HomF(E^, U), 
we have in particular an exact sequence 

H^{Gk, Homo(100o0j U)) H^{Gk, HomF(E^, U)) H^{Gk, Homo(100o0, H)), 

so it is enough to check that that c € ker((5) except for finitely many choices of 0 . 

From Tate duality, we have the dual map 

FI°(Gx,Homo(C/,10(l)0o0)0E/O) ^ H^{GK,iiomw{U,Vi{l)). 

As ker((5)-*- = im((5^), it is enough to show that im((5'^) is contained in H{,^{GK,Ilomf{U, Ve{l))) 
except, again, for possibly finitely many choices of 0. Letting X = Homo({7,10(1)), 
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we first claim that {X = 0 for all but finitely many choices of ip. In¬ 

deed, if 

(X 00 OiiP)f^ = Homo[G^] (t/, V,{1) 0 o V') ^ 0 

then we must have W = Z{1) 00 ip for some Jordan-Holder factor W oi U and 
Z oi V(,. This can happen for only finitely many choices of ip (by determinant 
considerations applied to each of the finitely many pairs W, Z). Now we are done 
by the following proposition. □ 

Proposition 2.1.9. Let F/Qp be a finite extension with ring of integers O and 
residue field ¥. Let X be an 0[GK]-'m'Odule that is free of finite rank as an O-module. 
Suppose that there is a field lying E lying between F and Qp such that X is realisable 
over Oe and with ramification index e{F/E) > ranko(X). Let ip : Gk be 

an unramified character such that 0 < VE{ipi¥TohK) — 1) < 1/ranko(^)• 

Assume further that {X (i)Q 0{ip))^‘^ = 0. Then the image of 

6^ : H°iGK.{X^o 0{iP))^o F/O) ^ H\Gk,X F) 

is equal to the subspace of unramified classes, and in particular depends only on 
X 0o F, and not on X, F, or ip. 

Proof. The statement is unchanged upon replacing E with the maximal unramified 
extension E'^'^ of E contained in F. We are therefore reduced to the case where 
F/E is totally ramified (so that in particular F is also the residue field of E). 

Let Xog be a realisation of X over Oe- Write X = Xq^. Z)Oe F = X F and 
= Xo^ ®Oe f^('0)- The inclusion t : Xqe ^ sending x i-A x 0 1 is a map of 
Os-modules inducing an isomorphism of F[Gs']-modules X = 00 F. Moreover 

for any g € Gk and x € Xoe we have g ■ b{x) = ip{g){i{g ■ x)), so that the map t is 
at least Js--linear. 

Define a = ^(Frobs")”^ — 1 and write N = Frobsr — 1, which acts on X with 
kernel ker(A^) = X . We have an isomorphism 

H\GkIIk,X^'')=X^''/NX^‘' 

induced by evaluation at Frobs-. Note that any class in this quotient space has a 
representative in U^q ker(A^®), as can be seen for example by writing X^^ =Y(BZ 
with N nilpotent on Y and invertible on Z. Hence to see that the image of 6^ 
contains all unramified classes, it suffices to exhibit for / G U^q ker(A^*) an element 
ejG {X,p 0 c> such that ^^(ej) = [/] in F[^{Gk/Ik,X^‘^). 

Suppose then that / S U^q ker(W) is nonzero. Let i > 0 be the largest integer 
such that iV®/ 7 ^ 0, and let /, := /. For each 0 < j < i let fj G Xqe be a lift of 
N'^~^f^, and define 

i 

r = Y,a^ ■L{f,)GX^. 

i=0 

Since fj G X^^, it follows that for g G Ik have g{fj) = fj (mod weXq,^) with 
vje G Oe a uniformiser, and so also g{f*) = f* (mod 

Now let us compute (Frobj^ — !)(/*). Noting that (Frob*: — l)fj = fj-i 
(mod vueXoe), with/_i := 0, and recalling that (l-|-a)(Frobivt(x)) = t(Frob/fx), 
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we have 

(l + a)(Frob;^(r)-r) 


'^ah(FTohK{fj)) - il + a)^ah{fj) 
j=o j=o 

i i 

^a^6((Frobif - 1)/,) - 

j=0 3=0 

i i 

'^ah{fj-i) - (mod weX^) 

3=0 3=0 

(mod weX^). 


Note that = 0 and N'-f^ ^ 0, so that * + 1 < diniF-^^^ < rankoX. 

Therefore ve{(X'^^) < 1, and we deduce that g{f*) = /* (mod for all 

g € Gk, or in other words /* ® G (X^ 0 FjO)^"^. 

Furthermore, if c-j := i5^(/* 0 G H^(Gk, X), then cjr(g) is by definition 

the image in X of a~'^~^{g{f*) — /*). So on the one hand cj is unramified (because 
u_E(a*+^) < VEi'cuE) = 1), while on the other hand cj(FrobE-) = —/,. Thus we can 
take ej := —f* 0 and we have shown that H^{Gk / Ik , X^’^) C imJ^. 

On the other hand, since X^^ is assumed to be trivial, we have that (X^ 0 
FjO)^^ is of finite length; so if we is a uniformiser of F, then 

dim(im(5'^) = dim{{X^ F/O)^^/we) 

= dim((X^ 0 [g7f]) =dimX'^^ =dim(kerX). 

On the other hand dim(kerX) = dim(cokerX) = A\ti\F[^{Gk/Ik,X^’^), and the 
result follows. □ 

Theorem l2. 1.81 implies the following result on the existence of certain potentially 
crystalline Galois representations. 

Proposition 2.1.10. Suppose that K/Qp is a finite extension. Consider a rep¬ 
resentation r : Gk GL„(Fp) that is peu ramifiee with respect to the increasing 
filtration {Ui}, so thatr may be written as 

(Vi 

r = 

V 

where the Vi := Ui/Ui-i are the graded pieces of the filtration. 

For each i, suppose that we are given a 'Zp-representation Vi of Gk lifting Vi 
such that: 

• each Vi is potentially crystalline, and 

• for each 1 <i < i and each k : K ^ Qp, every element o/HTK(Gi+i) is 
strictly greater than every element o/HTK(Vi). 
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Then r may be lifted to a potentially crystalline representation r of the form 

... * \ 

-= ; h 

\ Vl^TplJ 

where each i/jj is an unramified character with trivial reduction, and if K' jK is a 
finite extension such that each is crystalline, then is also crystalline. 

In fact, there are infinitely many choices of characters {tpi,..., ip() for which this 
is true, in the strong sense that for any 1 < i < i, if {ifi ,..., f’i-i) can be extended 
to an i-tuple of characters for which such a lift exists, then there are infinitely many 
choices of ipi such that {ipi,... ,'0i) can also be extended to such an i-tuple. 

Proof. This follows from Theorem l2.1.8l along with standard facts about extensions 
of de Rham representations. Indeed, by |Nek93[ Prop. 1.28(2)] and our assumption 
on the Hodge-Tate weights of the V), the representation r\cj^, is semistable for 
any r as in Theorem 12.1.81 and any K' as above. Then by repeated application 
of the third part of |Nek93[ Prop. 1.24(2)], as well as [Nek93[ Prop. 1.26], this 
semistable representation is guaranteed to be crystalline as long as there is no Gk'- 
equivariant surjection (Vj ® -» e for any j < i. Once ifi,..., ifi-i have 

been determined, this can be arranged by avoiding hnitely many possibilities for 
ifi. □ 

We give two sample applications of Proposition 12.1.1^ The following Corollary 
will be used in forthcoming work of Arias de Reyna and Dieulefait (in the special 
case where r is Fontaine-Laffaille and the Hodge type A is 0). 

Corollary 2.1.11. Fix an integer n > 1. Then there is a finite extension K' jK, 
depending only on n, with the following property: if r : Gk —>■ GL„(Fp) is peu 
ramifiee and A = (A^^i) G (Z" then r has a potentially diagonalisable 

lift r : Gk GL„(Zp) that is regular of Hodge type X, with the property that 
is crystalline. 

Proof. Write r as in Proposition 12.l.lUl with Vi irreducible for all i, and set di = 
dimj Ui. By Proposition 12.1.1^ and |BLGGTT^ Lem. 1.4.3], it is enough to show 
that there is a finite extension K'f K depending only on n, with the property that 
we may lift each to a potentially crystalline representation Vj, such that for all 
i, K the set HTK(Pi) is equal to {XK,n-j +j '■ j G [di-i, di — 1]}, with the additional 
property that is isomorphic to a direct sum of crystalline characters. This 

is immediate from Lemma 12.1.121 below. □ 

Lemma 2.1.12. Let d > 1 be an integer. Let Kd be the unramified extension of 
K of degree d, and define L to be any totally ramified extension of Kd of degree 
where kd is the residue field of Kd. Let r : Gk GL(j(Fp) he an irreducible 
representation. Then for any collection of multisets of d integers {^k,i, • • ■, h^^d}, 
one for each continuous embedding n : K there is a lift of r to a representa¬ 

tion r : Gk Ghd^Zp), such that rjci is isomorphic to a direct sum of crystalline 
characters, and for each k we have HT„(r) = • ■ ■, 

Proof. Since r is irreducible, we can write r = Indg^ f), and '0 : GKd is a 

character. Ghoose a crystalline character y : Gk^ Qp with the property that 
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for each continuous embedding k : K ^ Qp we have 

U HTs(x) = {/ik.i, ■ • ■ 

K,\k=K. 

where the union is taken as multisets. (That such a character exists is well-known; 
see e.g. |Ser79[ §2.3, Cor. 2].) If we let 6 : Gk^ be the Teichmiiller lift of 

then we may take r := Indg^ which has the correct Hodge-Tate weights 
by |GHS15[ Cor. 7.1.3]. (Note that ^6\gl is unramified for any g £ Gk-) D 

As a second application of Proposition 12.1.101 we show that each peu ramifie 
representation has a crystalline lift of some Serre weight. 

Corollary 2.1.13. Suppose that K/Qp is a finite extension, and that r : Gk 
GL„(Fp) is peu ramifiee. Then r has a crystalline lift of some Serre weight. 

Proof. When r is irreducible, this is straightforward from [GHS151 Thm B.1.1]. 
(One only has to note that when r is irreducible, an obvious lift of r in the termi¬ 
nology of [GI1S151 §7] is always an unramified twist of a true lift of r.) 

In the general case, suppose that r is peu ramifiee with respect to the filtration 
{Ui}, and as usual set Vi := Ut/Ui-i. By the previous paragraph, for each Vi we 
are able to choose a crystalline lift Vi of some Serre weight. By an argument as in 
the fourth paragraph of the proof of [GHS151 Thm B.1.1] it is possible to arrange 
that every element of HT„(14+i) is strictly greater than every element of HTK(Ci), 
and that (BiVi is a crystalline lift of (BiVi of some Serre weight. (This is just a 
matter of replacing each Vi with a twist by a suitably-chosen crystalline character 
of trivial reduction.) Now the Corollary follows directly from Proposition I2.1.1U1 
(with K' = K). □ 

2.2. Highly t-wisted lifts. In this section we give a criterion (Proposition 12. 2. ill 
for checking that a representation is peu ramifiee, which we will apply to show in 
Section 12.31 that Fontaine-Laffaille representations are peu ramifiee. 

Definition 2.2.1. Suppose that K/Qp is a finite extension. Consider a repre¬ 
sentation r : Gk GL„(Fp), let V be the underlying FpjGLcJ-module of r, and 
suppose that 0 = (7o C (7i C • • • C 1/^ = C is an increasing filtration on V by 
IFplGicJ-submodules. Denote Vi := Ui/Ui-i for 1 < i < £, the graded pieces of the 
filtration. 

We say that r admits highly twisted lifts with respect to the filtration {Ui} if there 
exist Zp-lifts Vi of the Vi, and a family of Zp-lifts V{'ipi,... ,'tpi) of V indexed by 
a nonempty set ik of ^-tuples of unramified characters ipi : Gk Z^ with trivial 
reduction modulo , having the following additional properties: 

• Each V{f!i,... jipi) is equipped with an increasing filtration {U {pfi,... ,il)i)i} 
by Zp[G_fs']-submodules that are Zp-direct summands. 

• We have ..., ijji)i/U{ifi ,..., 'tpfji-i =Vi®ifi for each 1 <i < £. 

• The isomorphism V{ipi ,. •., Fp = E induces isomorphisms ..., fie) 

Fp = Ui for each 1 <i < £. 

• U{fi ,..., fe)i depends up to isomorphism only on ipi,... ,fi (that is, it 
does not depend on fi+i,... ,fi). 
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• For each (i/ji, ..., that extends to an element of ih and for each e > 0, 
there exists '0i+i such that {tpi,..., V'i+i) extends to an element of ip, with 
the further property that 0 < t!Qp('!/)i+i(Frobi<') — 1) < e. 

If moreover the set can be taken to be the set of all ^-tuples of unramified 
characters ipi : Gk ’^p with trivial reduction modulo , we say that r admits 
universally twisted lifts with respect to the filtration {Ui}. 

As with Definition l2.1.2l the preceding definition is most interesting in the case 
where the filtration {Ui} is saturated, and so we make the following further defini¬ 
tion. 

Definition 2.2.2. We say that r admits highly [resp. universally) twisted lifts if it 
admits highly (resp. universally) twisted lifts as in Definition I2. 2. II with respect to 
some saturated filtration. 

Remark 2.2.3. It is natural to ask whether, if r admits highly (resp. universally) 
twisted lifts with respect to some saturated filtration as in Definition l2.2.2l it admits 
highly (resp. universally) twisted lifts with respect to any such filtration. Propo¬ 
sition [52I3] below, in combination with Example I2.1.51 gives a negative answer to 
this question in the highly twisted case. 

In fact. Example I2.1.5I also shows that the above question has a negative answer 
in the universally twisted case. Suppose for simplicity that K/Qp is unramified 
and that p > 2. Then r in Example I2.1.5I admits universally twisted lifts for 
the first filtration considered there. To see this, we first note that the first block 

U 2 = ^ admits universally twisted lifts for Vi = e and V 2 = 1 by Proposi¬ 

tion [23T] below, because C /2 is Pontaine-Laffaille. Since there is no nontrivial map 
U 2 —i” ^ 3 ( 1 ), one easily checks that f admits universally twisted lifts for this filtra¬ 
tion. However, r does not admit universally twisted lifts for the second filtration 

considered in Example 12. 1. 51 This is because the first block u '2 = does 

not admit universally twisted lifts (e.g. by Proposition 12. 2. 4]) . 

Proposition 2.2.4. Let K/Qp be a finite extension, and let {Ui} be an increasing 
filtration on the representation r : Gk GL„(Fp). Then r is peu ramifiee with 
respect to {Ui} if and only if it admits highly twisted lifts with respect to {Ui}. 

Proof. An inspection of the proof of Theorem 12. 1. 81 already gives the “only if” 
implication (for any choice of I^’s lifting Vi). 

For the other direction, we assume that r admits highly twisted lifts with respect 
to the filtration {Ui} and some Zp-lifts Vi of the Vi. We proceed by induction on 
i, the length of the filtration. By the induction hypothesis we may assume that for 
alH < C the class in HomF(Pi, C/i_i)) defined by Ui is annihilated under 

Tate local duality by H{j.{Gk, HomF(C/i_i, 1/^(1))), and it remains to prove this for 
i = 1. Choose any {ipi,... ,'fii-i) that extends to an element of the set ik (as in 
Definition 12. 2. II for r), and let U := U{ipi,. ■. ,'4’e)e-i (where tpe is any character 
such that ('01 ,... ,'ipi) G Ik); note that this is independent of 0^. 

Let S be the set of characters 0 : Gk ^p such that (Hom^ (C/, 10(1)) 
’Lp{'il)))^^ ft 0. As in the proof of Theorem 12.1.81 we see that S is finite. Let 
E/Qp be a finite extension such that U and 10 are realisable over Oe. It follows 
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from the highly twisted lift condition on r that there exists ipi having the following 
properties: 

(i) e 

(ii) ipi. ^ S, and 

(hi) 0 < ^^('(/’^(Frobif) — 1) < l/(dini{7^_i)(dim 

Let F/E be a finite extension over which and are both re¬ 

alisable. Write O for the ring of integers of F, and F for its residue held. For 
the remainder of this proof, when we write U, 14, '4’i mean their chosen 

realisations over F, and similarly for Ve over F (obtained by reduction). 

Set X = Homc)(C/, 14(1)). As in the proof of Theorem 12.1.81 write 6 for the 
connection map 

H\Gk, HomF (Vi,U)) A H^{Gk, Homo {Vi^o^t^U)). 

The existence of the lift (i.e. the property (i) of tpe) shows that the 

class c G (Gif, HomF(l/^, C/)) dehning r lies in ker(^). On the other hand, the 
properties (ii) and (iii) of ipi mean that Proposition 12.1.91 applies (with tpi playing 
the role of tp) to show that the dual map S'^ has image HP^j.{Gk,X Oo IF)- Since 
c G ker(i5) it is annihilated under Tate local duality by this image, and we deduce 
that r is peu ramifiee. □ 

Corollary 2.2.5. Suppose that r admits highly twisted lifts with respect to the 
filtration {Ui\. Then r satisfies the definition of admitting highly twisted lifts with 
respect to the filtration {Ui\ for any lifts 14 of the Vi. 

Proof. This is immediate from Proposition 12.2.4] along with the first sentence of its 
proof. □ 

Remark 2.2.6. The above corollary fails if we replace ‘highly twisted’ with ‘univer¬ 
sally twisted’. For instance, consider Example l2. 1.41 11 with K/Qp unramified, the 
extension class * peu ramifiee, and y = 1. It admits universally twisted lifts if we 
set 14 = e and 14 = 1- (This will follow from Proposition 12 .3. l] below. 1 But it does 
not admit universally twisted lifts for 14 = and 14 = 1- 

Remark 2.2.1. We do not know whether there exist representations that admit 
highly twisted lifts but not universally twisted lifts. 

2.3. Fontaine—Laffaille representations. In this section we will prove that rep¬ 
resentations which admit a Fontaine-Laffaille lift also admit universally twisted 
lifts, and so by Proposition 12.2.41 are peu ramifiee. We begin by recalling the for¬ 
mulation of unipotent Fontaine-Laffaille theory in |DFG041 §1.1.2]. Throughout 
this section let iF/Qp be a finite unramified extension with integer ring Ok, and 
write Frobp for the absolute geometric Frobenius on K. 

Let O be the ring of integers in E, a finite extension of Qp with residue field F. 
We assume that E is sufficiently large as to contain the image of some (hence 
any) continuous embedding of K into an algebraic closure of if. Fix an integer 
0 < h < p — 1, and let A4Fq denote the category of Hnitely generated Ok <8)Zp O- 
modules M together with 

• a decreasing filtration FiP M by OK^ZpG-submodules which are Gi^-direct 
summands with Fil° M = M and Fil^’*’^ M = {0}; 
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• and Frobp ^ (8 1-linear maps : FiF M —>■ M with 
and = M. 

We say that an object M of is etale if FiF“^ M = M, and define 

to be the full subcategory of consisting of objects with no nonzero etale 

quotients. Such objects are said to be unipotent. Note that is a subcategory 

of 

In the following paragraphs, let MFo denote either M.T% (for 0 < /i < p —2) or 
(for h=p—l). Let Rep( 3 (Gi<-) denote the category of finitely generated 
O-modules with a continuous Gi^-action. There is an exact, fully faithful, covariant 
functor of G-linear categories Tk '■ MTq Repo(Gi<-). This is the functor 
denoted V in [DFG041 §1.1.2]. The essential image of Tk is closed under taking 
subquotients. If M is an object of MFo: then the length of M as an G-module is 
[K : Qp] times the length of Tk{M) as an G-module. 

Let MTf denote the full subcategory of M.To consisting of objects killed by the 
maximal ideal of O and let Repp(GK) denote the category of finite F-modules with 
a continuous G^-action. Then Tk restricts to a functor —>• Repp(Gif). If M 

is an object of M.T^ and k is a continuous embedding K ^ Qp, we let FL„(M) 
denote the multiset of integers i such that gr*M G ^ { 0 } and i is 

counted with multiplicity equal to the F-dimension of this space. If M is a p-torsion 
free object of M.To then Tk{M) 02 ^ Qp is crystalline and for every continuous 
embedding k : K ^ Qp we have 

ilTi^{TK{M) Qp) = FLk(M 0c> IF)- 

Moreover, if A is a Gx-invariant lattice in a crystalline representation V of Gk 
with all its Hodge-Tate numbers in the range [0, h], having (when ft, = p — 1) no 
nontrivial quotient isomorphic to a twist of an unramihed representation by , 

then A is in the essential image of Tk- If some twist of r : Gk GL„(F) lies in 
the essential image of Tk on , we say that r admits a Fontaine-Laffaille 

lift, while if some twist of r lies in the essential image of Tk on we say 

that it admits a unipotent extended Fontaine-Lajfaille lift. 

The proof of the following result is essentially the same as that of [BLGGTT^ 
Lem. 1.4.2]. (We remark that [BLGGTT41 §1.4] uses the formulation of Fontaine- 
Laffaille theory as [GHT081 §2.4.1], which in fact is equivalent to that of [DFG041 
§ 1 . 1 . 2 ] (at least on although this equivalence is not needed for the fol¬ 

lowing argument.) 

Proposition 2.3.1. Let KjQp be unramified. Consider a representation r : Gk 
GL„(Fp) with an increasing filtration {Ui} such that Uq = 0 and Ui = r, so that r 
may be written as 

/Fi 

r = 

v 

where the Vi = Ui/Ui-i are the graded pieces of the filtration. 

Suppose thatr admits a Fontaine-Laffaille {resp. unipotent extended Fontaine- 
Laffaille) lift. Then r admits universally twisted lifts with respect to the filtration 
{Ui}; indeed, it admits universally twisted Fontaine-Laffaille (resp. unipotent ex¬ 
tended Fontaine-Laffaille) lifts. In either case r is peu ramifiee. 
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Remark 2.3.2. By duality, the same result holds when r admits a nilpotent extended 
Fontaine-Laffaille lift, i.e., if some twist of r lies in the essential image of Tk 
on the full subcategory of MJ-^^ whose objects admit no nonzero 

subobject M with Fir M = 0. We refer the reader to [GL14] for a further discussion 
of nilpotent Fontaine-Laffaille theory. 

Similar arguments (which we omit to keep the paper at a reasonable length) can 
be used to show that the same result holds when r is finite flat (for arbitrary K/Qp; 
in this case the argument uses Kisin modules). 

Proof of Proposition \2.3.1[ Since the truth of this proposition for r evidently im¬ 
plies its truth for any twist of r (using the fact that every character of Gk admits 
a crystalline lift), we reduce to the case that r lies in the essential image of Tk on 
MJ -^0 (or on in the unipotent extended case). 

The case that each Vi is one-dimensional is essentially found in [BLGGTTdl Lem. 
1.4.2] and, as previously remarked, we will follow the proof of that result closely. 
We can and do suppose that r is defined over some finite field F, and we fix a finite 
extension E of Qp with ring of integers O and residue field F. 

Let V be the underlying F-vector space of r, and let M denote the object of 
MPv corresponding to V, which exists by our assumption that r has a (possibly 
unipotent extended) Fontaine-Laffaille lift. Then we have a filtration 

M = D ■ ■ ■ dMi dMo = (0) 

by AlJ^F-subobjects such that Mi corresponds to Ui and so Mi/Mi-i corresponds 
to Vi. Then we claim that we can find an object M of M.To which is p-torsion 
free together with a filtration by AlJ^o-subobjects 

M = Me-i D ■ • ■ D Ml D Mo = (0) 

and an isomorphism 

under which Mi F maps isomorphically to Mi for all i. 

Write di := dimVi. We note first that M has an F-basis for i = 1,... ,n 
and K e HomQp (iF, Qp) such that 

• the residue held k of K acts on via k; 

• Mj is spanned over F by the Ci^K, toi i < di + ■ ■ ■ + dj-, 

• and for each j, s there is a subset C {1,..., n} x HomQp {K, Qp) such 
that Mj n FiF M is spanned over F by the for (i, n) G ^j,s. 

(Such a basis is easily constructed recursively in j. The case j = 1 is trivial, and it 
is straightforward to extend a basis of this kind for Mj-i to one for Mj.) We put 
rig ;= . 

Then we dehne M to be the free O-module with basis for i = 1,..., n and 
K G HomQp(iF,Qp). 

• We let Ok act on via k; 

• we dehne Mj to be the O-submodule generated by the with i < di + 

-h dj; 

• and we dehne FiF M to be the O-submodule spanned by the for (i, k) G 
Ps. 

We dehne : FiF M —>• M by reverse induction on s. If we have dehned we 
dehne as follows: 
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• If (i,K) e fis+i then 

• If {i, k) G Os — Os+i then is chosen to be any lift of $ 6^,^ in 

J2i'<di+---+dj ^ ■ ei'.KoFrobp, where j is minimal such that i < di H- \-dj. 

It follows from Nakayama’s lemma that M is an object of When h = p — 1, 

suppose that M M' is a nontrivial etale quotient of M. We can without loss 
of generality replace M' with M' 0o IF ; but then the map M —>■ M' would factor 
through M, contradicting the assumption that M is an object of M.To (and not 
just It follows that M is also an object of M.J-o- In the same way we 

see that {Mi] is an increasing filtration of subobjects of M in M.To- 

It is immediate that M verifies the desired property that Mi IF rnaps isomor- 
phically to Mi under the isomorphism M F = M. 

Set Vi := TK{Mi/Mi-i)®o’Lp. We claim that for this choice of Vi^ the conditions 
of Definition 12.2. II are satisfied. Since Fontaine-Laffaille theory is compatible in an 
obvious fashion with extension of scalars from E to a finite extension of E, we can 
and do suppose that the characters ipi are valued iu . Theu the objects of MiTo 
correspouding to the desired lifts D(V'i, ■ ■ ■ are obtaiued from M by rescaling 
the maps . More precisely, if we let M {ipi,... ,ip() he defined from M by rescaling 
by '0j(Frobi<-) for (i, k) G \ then one can take , ipi) = 

TK{M{'tj}i,... ,^^))(8)c)Zp. (To establish the second bullet poiut iu Defiuitiou l2.2.11 
note from [DFG041 p. 670] that Tx is compatible with tensor products, and use (I) 
of loc. cit. to compute the Fontaine-Laffaille module corresponding to each ipi.) □ 

Corollary 2.3.3. Suppose that r admits a {possibly unipotent extended) Fontaine- 
Laffaille lift. Then the conclusions of Theorem \2.1.8\ and Proposition \2.1.10\ hold 
forr with respect to any separated, exhaustive increasing filtration [Ui] on r. 

Corollary 2.3.4. Suppose that r admits a {possibly unipotent extended) Fontaine- 
Laffaille lift. Then the conclusion of Corollaru \2.1.1l\ holds forr. 

The following result will be used in [CHS 15) . 

Corollary 2.3.5. Suppose that r : Gq^ —>■ GL„(Fp) admits a {possibly unipotent 
extended) Fontaine-Laffaille lift. Suppose also that 

^Xi 

r = 

V 

Suppose that hi >■■■> hn are integers such that Then r has a 

crystalline lift of the form 

^Xi 

r = 


where x^\^^ = e'**- 




Proof. This is immediate from Gorollary 12.3.31 taking the Vt to be appropriate 
unramified twists of . □ 
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3. DE RHAM LIFTS BY GLOBAL METHODS 

3.1. Potential automorphy and globalisation. In this section, we make use of 
(global) potential automorphy techniques to produce potentially crystalline lifts. 
Ultimately, these results rely on those of [BLGGTM], but the actual global results 
we need are those of [EG 141 App. A]. 

The key idea is as follows: by the methods of |BLGGTT4] and |Gall2] , we can 
often realise r : Gk GL„(Fj,) as the restriction to a decomposition group of p, the 
reduction mod p of the p-adic Galois representation associated to an automorphic 
representation on some unitary group. Then the existence of congruences between 
automorphic representations of different weights and types produces lifts of r of the 
corresponding Hodge and inertial types. 

To keep this paper from becoming longer than necessary, and to avoid obscuring 
the relatively simple arguments that we need to make, we will not recall the precise 
definitions of the spaces of automorphic forms that we work with; the details may 
be found in |EG14| (and the papers referenced therein). Suppose from now until 
the end of Lemma [3 .1.1 1 that: 

• p \ 2n, and 

• r has a potentially diagonalisable lift of some type (A^, iv). 

Then in particular Conjecture A.3 of [EG 14] holds for r, so that by [EG 141 Cor. A.7], 
there is a CM field F with maximal totally real field F+, and an irreducible repre¬ 
sentation J) ■. Gp+ —t/„(Fp) (where Gn is the algebraic group defined in [CHT081 
§2.1]) which is automorphic in the sense of [EG14I Def. 5.3.1], and which globalises r 
in the sense that for each place v \ p of F+ we have that v splits in F and that 
there is a place u of F lying over v such that Fy = K and p|gf- — t- The above 
data will remain fixed throughout this section. 

Suppose that for each place v \ p of F+ we fix a representation of GLn{OK) on 
a finite Zp-module Wy. Via the isomorphisms Ly of [EC 141 §5.2], we can regard 
W := v\p^v as a representation of G{Op+^p), where G is a certain unitary 
group. Then there is a space of algebraic modular forms S{U,W), as in [EC141 
§5.2]. (In fact, [EG14j works with coefficients in the ring of integers of some finite 
extension of Qp, rather than with Zp-coefficients, but this makes no difference for 
the arguments we are making here.) 

In particular, for any (A„,Tp)„|p a space of automorphic forms S'a,t(G,Z p) is 
defined in [EG14I §5.2] for certain sufficiently small compact open subgroups U C 
G(A^+) which are hyperspecial at p, corresponding to taking each Wy to be a{Xy , r„) . 
Examining the proof of [EC141 Cor. A.7], we see that in fact we have 1p)m ^ 

0, where m is as in [EC141 Def. 5.3.1], and in a mild abuse of notation we write 
(Ap_p, Tp „) = (Ap, Ty) for all v \ p. (This says that there is an automorphic represen¬ 
tation TT of weight Xy and type Ty, whose associated p-adic Calois representation 
lifts p; this representation is the representation p constructed in [EC141 Lem. 
A.5].) 

Lemma 3.1.1. Keep the notation and assumptions of the preceding discussion. 

(1) If for some choice of (A„,T„)^|p we have S'a,t(G, Zp)m ^ 0, then for each 
V \p,r has a potentially crystalline lift of type {Xy,Ty). 

(2) S'a,t(G, Zp)m ^ 0 if and only if there are Serre weights Fy of CLn(fc) such 
that 

• *5^(G, ^ 0, and 
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• for all V \ p, Fy is a Jordan-Holder factor of a{Xv,Ty). 

Proof. (1) is immediate from [EG14[ Prop. 5.3.2]. (We remind the reader that 
is torsion-free.) In the case that r is trivial, (2) is [BLGG151 Lem. 
2.1.6], and the proof goes over unchanged to the general case. □ 

Theorem 3.1.2. Suppose that p f 2n, and that r has a potentially diagonalisable 
lift of some regular weight. Then the following hold. 

(1) There exists a finite extension K' jK [depending only on n and K, and not 
on r) such thatr has a lift r : Gk GL„(Zp) of Hodge type 0 that becomes 
crystalline over K'. 

(2) The representation r has a crystalline lift of some Serre weight. 

Proof. We begin with the proof of (2), since the argument is much shorter. Let r 
be the given potentially diagonalisable lift, and as above, write (A^, r^) for the type 
of r. By Lemma [3.1.11 21. there are Jordan-Holder factors of ^(Ar, ty) (possibly 
varying with v) such that y\pFa„)m ^ 0. Let A„ be a lift of a„ for each 

n, and let Ty be trivial for each v. Applying Lemma 13.1.11 21 again, we see that 
5 'a,i( 17, Zp)m 7 ^ 0. By Lemma 15.1.11 11. r has a crystalline lift of Hodge type A„ for 
each V \ p; any such lift will do. 

Turn now to (1). As in the previous part we get S[U,V)m ^ 0 for some irre¬ 
ducible representation V = ®„|pl4 of G[Op+ 0 Zp) over Fp. Let T C B C GL„ 
denote the subgroups of diagonal and upper-triangular matrices, as algebraic groups 
over Z. Consider 14 as a representation of GL„(C>Fi) =: Ky via by. Let /„ C Ky 
denote the preimage of B[ky) C GTn[ky). Then we can choose a character : 
ly Fp such that 14|/„ -^Xy 

Let q := ffk. We claim that for any s > 1 such that > n, we can find a 
(smooth) lift Xi; = Xi.« ® ® Xn,« ■T[OFy) ^ Zp oiXvWiOp-) = Xi,« ® ® Xn,« 

such that the {xi,i'}r=i pairwise distinct and Xi,v\i+T:aiOF^ = 1 for all i. Indeed, 
recalling that Fy = K, write 0^_/[\ + uj-Of^) = k^ x H (via the Teichmiiller 
splitting), where H is abelian of order Then each Xi,j)|/cx lifts uniquely to Zp , 

whereas Xi dIlt = 1 can be lifted arbitrarily to Z^ . Hence it is enough to note 

that ^Hom(iJ, Zp) = ffH = > n, and this proves the claim. For the rest of 

the proof, we fix such a choice of s and Xv- 

Now, [Roc98l §3] (applied with a standard Chevalley basis such that Ua,o = t/aD 
Gljn[OF^) for all roots a) provides a pair [JxvjPx^) consisting of a compact open 
subgroup Jxy C ly that contains T[OFy) and a smooth character '. Jxv 
such that Px»It(Of-) = Xv- By construction, is the restriction of x« to so 
by Frobenius reciprocity we get a AT^-equivariant map Vy ^ 

In particular, S {u, ®i,|p ^Ind^” 0- Using Deligne-Serre lifting we get 

an automorphic representation tt of G(A^+) with associated Galois representation 
lifting pIgf : Gf —>• GL„(Fp) such that (i) tToo — 1 and (ii) Homif„ (IndJ’' p~l,TTy) ^ 
0 (again via by) for any v \ p. Applying |Roc981 Thm 7.7] (noting there are no re¬ 
strictions on p, cf. [CHT081 Lem. 3.1.6]), we deduce that 7r„ is a subquotient of 
Ind^|p’;|(x4^) foe some Xv '■ T{Fy) Qp extending Xv- (Note that Jx^ = Jxz^-) 
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Since the characters {Xi,v}?=i ^re pairwise distinct, the Bernstein-Zelevinsky irre- 
ducibility criterion implies that 

It follows that rec(7r„) has = 0 and on inertia is of the form Xil © • • • © Xn}v 
via the local Artin map, where rec denotes the local Langlands correspondence, 
normalised as in [EG 14) (i.e., as in [HTOl] '). Using Lemma [3.1.41 below there exists 
a finite extension K' jK depending only on n and K such that rec(7r„)|7^, is trivial. 
Applying local-global compatibility at p to we deduce that for any v \ p, the 
representation p^n-lcF- provides a desired lift of p|gf. —r. □ 


Remark 3.1.3. The argument in the proof above shows that if Xi,v '■ Op —>■ Qp are 
pairwise distinct smooth characters of Op^ (or equivalently of /f„), then Ind^” 
is a Ky-type corresponding to ®'^^iXi,v under the inertial Langlands correspon¬ 
dence, i.e. |EG14I Gonj. 4.1.3] holds with (j{(B‘i=iXi,v) — 

Lemma 3.1.4. Suppose K/Qp is a finite extension and s > 1. Then there exists a 
finite extension L/K such that any smooth character x '■ Wk —>■ that is trivial 
on the ramification subgroup satisfies x\il — 1- 

Proof. By local class field theory there exists a finite extension that is 

independent of % such that x|gm« = 1- (We can take Mg/K abelian such that 
jM has Galois group 1 + with wk a uniformiser of K.) Then we 

choose LjK finite such that Mg is contained in = L"''. This implies x\il = 1- 

In fact, this argument shows that we can take L/K oi degree — 1), where 

<? = #fc. □ 

Our final result may be viewed as a “weak BreuiUMezard”-type statement. 

Theorem 3.1.5. Suppose that p n, that K/Qp is unramified, and that r has a 
crystalline lift of weight F for some extended FL weight F. If F is a Jordan-Holder 
factor ofa{X, r) for some X, t, then r has a potentially crystalline lift of type (A, r). 

Proof. Choose a € such that F = Fa. The conditions that p n 

and r has a crystalline lift of weight Fa with a an extended FL weight imply that 
p > n; so either p \ 2n, as we have assumed throughout this section, or else p = 2 
and n = 1. 

First suppose that p \ 2n. By the main result of |GL14) any crystalline repre¬ 
sentation of extended FL weight is potentially diagonalisable. Let A' be the lift 
of a (uniquely defined, as K/Qp is unramified). Since 0-^,1 — a-p^n P — {n — 1) 
for each k, Fa = La ^1.2.311 . By hypothesis, we can apply the con¬ 

structions from the paragraphs preceding Lemma 13.1.11 with A- = A' and r- = 1 to 
deduce that Sy,i{U,Zp)m 0. By Lemma|3XIK2), 5(17, 0. Apply¬ 

ing Lemma [3.1.1f 2l with (A.i,,T„) = (A,t) for each v, we see that S\^y(U,'Lp)m ^ 0, 
and the result follows from Lemma [3. 1.11 11. 

On the other hand, the case n = 1 is an easy consequence of local class held 
theory: cr(r)'^ is obtained from r by local class held theory, so that the locally 
algebraic characters of extending a{X,T) correspond to de Rham characters of 
type (A,r), while rj/^^ corresponds to Fa. □ 
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